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Abstract. A new method for the representation of Clifford algebras is presented, which
does not make use of minimal one-sided ideals. It was developed by us as a generalisation
of the work of Hestenes on the real Dirac-Clifford algebra of the y matrices. Spinor spaces
are subspaces isomorphic to a subalgebra of the original Clifford algebra. Inner products
on spinor spaces are explicitly constructed and their isometries are studied.

1. Introduction

Clifford algebras are genuine geometric objects, since they are equivalent to exterior
algebras with an inner product (Kdhler 1960, 1961, 1962, Graf 1978). This is not so
for their representations, better known as spinors. Although a Clifford bundle can be
given on any differential manifold carrying an inner product, for the construction of
the associated spinor bundle there are restrictions of a topological nature on the
manifold (see Borel and Hirzebruch 1958, 1959, 1960, Geroch 1968). The differences
in the geometric status between Clifford algebras and spinors can perhaps be better
understood if one uses the methods of representation theory of abstract algebras (van
der Waerden 1967), which are based on the concept of minimal left ideals. This was
applied on Clifford algebras by Chevalley (1954). Note that, since minimal left ideals
are defined by means of idempotents of the Clifford algebra, their use makes concrete
calculations very complicated.

We present here a representation of Clifford algebras in themselves (Dimakis 1983,
1985), which do not use minimal left ideals. The representation spaces will be isomor-
phic linear subspaces of the original Clifford algebra, one of which will be additionally
a Clifford subalgebra. Our method has some similarities to Cartan’s representation
theory of Lie algebras, since it is based on a maximal commutative subalgebra of the
Clifford algebra. It was developed by us as a generalisation of Hestenes work (Hestenes
1966, 1967, 1973, 1985) on the real Dirac algebra of y matrices.

We begin with the study of a real universal Clifford algebra € and obtain the results
of Hestenes in case € becomes the real Dirac-Clifford algebra of y matrices ¥. Our
arguments are different from those of Hestenes and can be generalised in a method
applicable to any Clifford algebra. In order to obtain in this introduction as much
information as is necessary to develop the general theory, we will also study the
Majorana Clifford algebra /.

Let € be generated by a fixed real finite-dimensional vector space X with a
non-degenerated inner product g We identify R and X with their images in € and
write for the defining property of Clifford algebras, for x, ye X < €

xy+yx=2g(x, y). (1)
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% is Z-graded as a linear space and Z,-graded as an algebra. Let w: € > % denote an
involution of € defined for xe X < € by

x¥i=-x (2a)
and for a, be € by
(ab)® = a“b”. (2b)

We call w the gradation involution of € with respect to X < %, since it defines a direct
sum decomposition of 4:

€=¢€"DE (3)

with €*:={a€ 4: a®*==a} and "6 < €%, € € < € . Obviously € is a Clifford
subalgebra of €. We call €7 (€~) the even (0dd) component of € with respect to
X < %, since it consists of linear combinations of products of even (odd) numbers of
elements of X.

Since € is closed under the Clifford product it is automatically a representation
space of itself. We can extend it to a representation space of the whole ¥, if we
fix some odd element uec ¥~ and introduce an operation of € on € defined for
a=a,+a_c% witha, €€ ,a_c % and yc €, by

acy=a,y+a_ygu. (4)

Since u is odd and the product of two odd elements is even, the right-hand side of
(4) is even. In order for © to define a representation of € it must satisfy

(ab)eyy=ac(boy) (8)

for all elements a, be 4. In particular, if a, b are odd then ab is even and we conclude
from (5)

u’=1. (6)

As we noted already, 6" is a Clifford subalgebra of € and thus a (universal) Clifford
algebra for itself. Therefore we can apply the above procedure on it also. As we have
done for € we take 1: €” > 4 to be a gradation involution with respect to some
generating subspace of ¥”. Again we decompose €” into its even component €**
and its odd component €7, with respect to Q. We fix now an element u'€ €*~ with
u”?=1 and define for A=A, +A_€ € with A,c €™*, A_c €" and ¢c €~

Acf=A E+A_&u'. (7N

This again gives a representation of ¥ on €**. The question arises now if we can
extend this to become a representation of the original algebra €. To do that we extend
Q to w': € € setting

forae 6" a® = qa" (8a)
and

forae € a® = (au)™u’. (8b)
This defines an involution of € satisfying (i) u is even with respect to ', that is

u® =u 9)
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and (ii) w, @' commute. We now decompose €~ also into its even component €~*
and its odd component ¥~ with respectto w’. Fora=a,,+a,_+a_..+a_._c % and
£e €77 we define the operation of € on €7 by

act=a, . +ta, &u'+a_.u+a__tuu' (10)

This must again satisfy (5) from which, for a, b€ €77, we find

uu' =u'u. (11)
Note also that, since u'€ €7, this is even with respect to w, that is
u“=u' (12)

The representation space €7~ is a Clifford subalgebra of €* and hence of €. The
other components in the direct sum decomposition

€=€T"TOE€TRETTRE " (13)
are also representation spaces of ¢ under the circle operation. This is so because of
(g+—=%++ur Cg—+=cg++u (g—-=(g++uu!

and the commutation property (11).
Application of the above procedure once more demands the finding of a new
gradation involution w” of €, which commutes with w, »' and satisfies

w

u®' =u u'“ =u'
Further we must find an element u”, which is odd with respect to w”, even with respect
to w and w’, commutes with ¥ and u’ and satisfies

u?=1.

Continuing in this way we expect this process to stop after a number of steps. This
number will be an invariant of the particular Clifford algebra.
As a first example we take the real Majorana algebra J# generated by {y°, ', ¥°,
v’} with
Yy Tty iyt =29
and
(n'™")=diag(-1, +1, +1, +1).

If we set u =", then u'= y’y” commutes with u and satisfies u’>=1. We take » (')
to be the gradation involution of # with respect to the generating basis {¥°, v', y%,
Y'Y’ ¥°y', v°¥% ¥°¥’}). We have wo' = w'w and

w w

u®=-u u® =u u'e=u' ue =—u'

The even subalgebra of # with respect to w and o’ is linearly generated by {1, ¥'y?,
¥'y*, ¥*¥’}. There is no further element u” and thus the representation process stops
after the second step. To make concrete calculations we need a compact notation. Let
I, denote a set with elements the ordered pairs A=(A,, A,) with A,, A,=0, 1. For
A, Bel, we define addition and multiplication in /, by

A+B:=(A,+B,, A,+B,) (14a)
and
AB:=(A,B,, A,B,) (14b)
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where + denotes addition modulo 2. We define also the length |A| of A€, to be

|Al==A,+A,eZ. (15)
It satisfies the relation
A+ B|=|A|+|B|-2|AB|. (16)

We use now I, as an index set to define
wa=whe' (17)

where w’:=id, w' = w and composition of mappings is understood on the right-hand
side of (17). Further we set

Uy =y’ (18)
and introduce the idempotents
ma=1 2 (1) lup. (19)
Bely

M is decomposed in a direct sum

M=D Ma (20)
Acl,

where

Myi={aeM:a®=(-1)"a, a” =(-1)"a}. (21)
The idempotents satisfy the relations

TATg =04 pTA (22a)
and

Y wma=1. (22b)

Ach

We also have

“A77'5=(_1)‘Am77'5~ (23)
Any element a € J can be uniquely decomposed into
a= )y au (24a)
Ael,

with a, € M, given by
a,=5% Y (=1)*Blges, (24b)

Bel,

From the definition of the circle operation we have for ¢ € M,

acy= Z A fu,

Ael,

! 1
=7 L (=D)"Pla%syu,= 3 a‘““‘/’ZAZ, (-1)*Pluy= T a“spm,.

4 A Bel, Bel, Acly

Thus we obtain

acy =Y a“sym,. (25)

Aely

This formula will be used later as definition for the circle operation.
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Let @ denote the real Dirac-Clifford algebra generated by the y matrices {v°, ¥',
¥%, ¥’} with the defining relation

Yy Ty =29
where

(n""):=diag(+1, -1, -1, -1).
We set

U= yo
and take w to be the gradation involution of & with respect to the linear space generated
by {¥°, ¥', ¥% ¥*}. A linear basis of @* is given by

LYy Yy Y Y Y vy Y YY)
The elements of 2* commuting with ¥° are generated by {1, y'v% ¥'¥°, ¥*¥°}. From
them only 1 satisfies (6), which however is even with respect to all gradation involutions.
Thus by & we stop after the first step. We have two representation spaces 9%, &,
which have eight real dimensions. This is the number of the real components of a
4-spinor. The elements of 2 commuting with 4 = y° constitute the basis of a subalgebra

H' of 9, which is isomorphic to the skew field of quaternions. From the commutation
property we obtain for A\eH’, ac @ and Yy 3~

a°(wA)=(a°§)A. (26)

This means we can interpret 2~ as a right H'-linear space. Taking this point of view
@*=H? Thus we obtain a 2x2 quaternionic representation of the vy matrices. In
physics we use complex representations, therefore we pick an element, say jeH’, to
represent the imaginary unit

ji=-

and obtain an embedding of & in C*.

In the Majorana case no elements of /™" = #,,, other than 1 commute with both
u and u'. Thus #, is isomorphic to R,

In what follows we formulate the above representation in a mathematically rigorous
way applicable to all Clifford algebras. We restrict our analysis to real algebras, but
the results apply also to complex ones. We begin with a presentation of real Clifford
algebra theory, following mainly the book of Porteous (1969). A classification formula
for real Clifford algebras will be derived, which will be of use in the next sections.
According to this formula real Clifford algebras are completely characterised by three
numbers. Next we introduce the circle operation and show under what conditions this
gives a faithful and irreducible representation. This is the main part of the paper. It
is divided into two parts, handling separately simple and not simple Clifford algebras.
After the spinor spaces are obtained we construct inner products on them and study
their isometry groups. Finally we apply the results obtained in some algebras of low
dimension which are of interest in physics.

2. Classification of real Clifford algebras

R, C and H denote the fields of real numbers, complex numbers and quaternions. If
I denotes any of the above fields, then %K will denote the ring K x K with addition
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and multiplication defined componentwise
(a,b)+(c,d)=(a+c, b+d)
(a, b)(c, d) = (ac, bd).

Following Porteous (1969) we call I a double field. 1f B denotes K or ’KK, then B(n)
is the real algebra of n x n matrices with entries from B. R”? will denote the orthogonal
space R”"? with inner product of signature (p, q), where p is the number of positive
and g the number of negative signs.

There are many different but equivalent ways to define a Clifford algebra. We are
not going to repeat here any of these definitions, or prove universality and existence.
The reader can find in Chevalley (1954), Rasevskii (1957), Riesz (1958), Atiyah et al
(1964), Hestenes (1966), Porteous (1969), Marcus (1975), Greub (1978) his favourite
definition and proofs. We again use the conventions of Porteous and write R, , to
denote the universal Clifford algebra for R™%. One of the basic tools in the exposition
of Porteous is the use of orthonormal subsets of Clifford algebras.

An orthonormal subset (oNs) of signature (p, q) of a real associative algebra A
with unity 1 is a linearly free subset Q={a,€e A: i=1,..., p+q} of A, whose elements
satisfy the relations

aa;+aa; =0 for i#j (27a)
al=1,al=-1 fori=1,...,p;j=p+1,...,p+q. (27b)

An orthonormal basis (ONB) of A is an oNs, which generates A.
The importance of ons and ons for Clifford algebras is based on the following fact.

Theorem 1. If A is a real associative algebra with unity 1 and has an oNs Q=
{8',..., 9779} of signature (p, q) such that &' ... 9779 # £1, then R, , is isomorphic
to the subalagebra of A generated by Q. If Q is an oNB of A then A=R,,.

For the classification of real Clifford algebras the following two lemmas are basic.

Lemma 1. If Q is an oNs of signature (i) (p+1, q), (ii) (p, ¢ +1) of a real associative
algebra with unity 1 and a € Q satisfies (i) a’=1, (ii) a’= —1, then the set

Q'={ba: be Q—{a}}u{a}

is an ons of signature (i) (g +1, p), (ii) (p, g +1).
(iii) If Q is an ons of signature (p, g +3) of a real associative algebra with unity
1 and a,, a,, a;€ Q satisfy (a;)>=—1 for i=1, 2, 3, then the set

Q''={ba;aa;:be Q-{a,, a,, a;}} v{a,, a,, a;}

is an oNs of signature (g, p+3).

Lemma 2. Let A be a real associative algebra with unity 1, {e!, e°} an ons of A of
signature (i) (1, 1), (ii) (2, 0) and (iii) (0, 2), and Q an oNs of A of signature (p,9q),
such that {e', e’} U Q is an ons of A of signature (i) (p+1, g+1), (ii) (p+2, q) and
(iii) (p, g+2). Then from (i) (e'e®)*=1, (ii) and (iii) (e'e?)?=—1 and the fact that
e'e’ commutes with elements of Q, we have Q':={be'e’:be Q} is an oNs of A of
signature (i) (p, g), (ii) and (iii) (g, p) whose elements commute with e¢' and e
Conversely the existence of Q' implies the existence of Q.
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From these two lemmas we obtain immediately
Rpr1,q=Rge1,p

Rp,q+3=Rq,p+3
Rpr1g+1 =R, OR,
Rpesq=R,,®R;y,
R, q+2=Ry,®Rg ;.

From these and the relations

Roo=R Ro,=C Ro="R Ro.=H R, =R(2)
and

K®R(p)=K(p) ‘KOR(p)="K(p) R(p)®R(q) =R(pq)
C®C="C C®H=C(2) H®H=R(4)

we can prove the following classification.

1N

(28a)
(28b)
(29a)
(29b)
(29¢)

(30)

(31)
(32)

Theorem 2. For p,q, m, keZ, p,q=0,if (i) p+q=2m and p—q =8k or 8k +2, then

R,, =R, »=R(2"™).

(ii) p+¢g=2m and p—q=8k+4 or 8k+6, then
Ryq =R i me1=HQ2™ ).

(iii) p+g=2m+1and p—q=8k+3 or 8k+7, then
R,q =R, mi=C(27).

(iv) p+q=2m+1 and p—q=8k+1, then
Ry =Rpsim="R(2™).

(v) ptg=2m+1 and p—q=8k+5, then
Ry =Ry mez="H(2™).

We can express the results of theorem 2 in a single formula with the aid of the following

sequences.
ForneZ, let n=8k+m, where kK, meZ and 0sm=<8, We set
__{l form=0,4
s(n):= 0 otherwise.
0 form=0,1,2
e(n)=41 form=3,7
2 for m=4,5,6.
4k for m=0
_Jdk+i form=1
Al DY for m=2,3
4k+3 for m=4,5,6,7.

X :Z~Z is the extension of the Radon- Hurwitz sequence to negative integers.

(33)

(34)

(35)



3178 A Dimakis

For p, g =0 we define the numbers
{=x(p—q+2)+tq-2 n=e¢(p—q) oc=s5(p—g-1) k=27 (36)
and set K, =R, C, H for n =0, 1, 2.

Theorem 3. For p, g=0

Rpq =Ry ®ORoo= (®*R10)®Rg,, ®R, o = KK,,(2£). (37)
As becomes clear from the above formula o =0 or 1 shows if the algebra is simple or
not, n characterises the field of numbers and ¢ is the dimension of the real matrix

algebra which is isomorphicto R, ,. Asa byproduct of (37) we obtain from dim(R,,) =
dim(’K,,(2%)), for ne Z:

x(n)=1+3(n-e(n-2)-s(n-3))
and from this
{=Xp+tqg-n-o).

Before proceeding to the representation of Clifford algebras we need to improve our
notation. For neZ we define the set

L={A=(A,,...,A):A=0,1;i=1,...,n} (38)

This becomes a commutative ring with unity with the operations of addition and
multiplication defined by

A+B=C with C=(A;+B)mod2;i=1,...,n
AB=C with Ci=AiB,~;i=l,...,n.

The zero element of I, is 0:=(0,...,0) and the unity A:=(1,...,1). For Ae€l, the
length of A=(A,,..., A,) is defined by

|[Al=A;+...+A,.
The length satisfies the relation
|Al+|B|=|A+ B|+2|AB|. (39)

I, has 2" elements and, as a ring, a structural similarity to the power set of {1, ..., n}.
If Q={e',..., e"} is an onB of R, , of signature (p, q), p+q = n, then we set

2(’:={eA:=f[(ei)A':A=(A,,...,A,,)}. (40)

29 has 2" elements and is a linear basis of R,,. (See Hagmark and Lounesto (1985)
for history and further development of the use of /, in Clifford algebras.)
The following identity:

z ("1)‘AB‘=2"50‘A (41)

Bel,

will be of use in some calculations of the next section.

3. Representation of R, , with o =0

Q will denote an oNB of R, , of signature (p, ). {, 7 and o are the numbers associated
with R, , by (36). Here we restrict to the case o =0.
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As is clear from lemmas 1, 2 and theorem 3 we can find an onB Qo< 22 of R, of
signature (¢, {+n), whose elements are homogeneous in 29

QO:={ela“~’eg;e{+15'--ae{+n} (42)

with e2=1fori=1,...,¢and e;=—1forj={+1,...,{+n

Theorem 4. The set
H={u=ee.;:i=1,...,{} (43)

has following properties:

(i) for all u, u'e H we have u’=1 and uu’'=u'u,

(ii) to every u; € H there corresponds an oNB Q, of R, ,, such that u, is odd with
respect to Q; and even with respect to all Q; with j# i

Proof. (i) follows immediately from the definition of H. To prove (ii) we construct
explicitly the oNB Q;, i=1,...,{. There are many different possibilities to do that;

we parametrise one family of such constructions by K =(K,,..., K;)el,.
Fori=1,...,¢ if K;=0 we set
Qi={ae;.;:ae Qo—{ep it uf{ei} (44a)
with signature (£, {+7), and if K, =1 we set
Q,={ae;:aec Qy—{e}} u{e} (44b)

with signature ({+n+1, {—1). The case { =0 is trivial.

For all i=1,...,{ it is obvious that u; € Q; and therefore is odd with respect to
Q:. Nowforj=1,...,{ withj#i if K;=0, we have u; = ee;; = (eie;,;}(e;1€;+;), and
if K;=1 then u;=—(e¢;)(e,,¢). In both cases u; is even with respect to Q,.

For Ael, we set

Uy = H (ui)A' (45a)

¢
T = ]._I %[1+("1)A'“i]- (45b)

i=1

These satisfy the relations

TATg— aA,BWA (460)
Y ma=1 (46b)
Aelc
and
uA‘lTB:')TBuA:(_l)‘AB“ITB. (47)
The last relation leads with the aid of (41) to
Us = Z ("UlAmﬂ'B (48a)
Bel(
and
1
Ta= 5% Y (=1)!4Bly,, (48b)

Bel,
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Lemma 3. If aeR,, commutes with some u; € H, then a = a, + a,u,;, where a,, a, are
generated by Q,—{e;, e;..i}.
Proof. We can write aeR,, in the form

a=a,+be +ce.;+aee.,,

where a,, b, c, a, are elements of R, ,, which do not contain e, ¢;,,, and thus commute
with u;,. Since u; anticommutes with ¢; and e;,;, we have

a=uwau; = a,— be,—ce,.;+ a,ee, .,
and consequently b=c=0.

Theorem 5. The set H defined in (43) is maximal in R, , with respect to its properties
(i) and (ii) in theorem 4.

Proof. An element a € R,, which commutes with all u;€ H can be written according
to lemma 3 in the form

a= Y a’u,

Ael;
where a®, Ael,, are generated by C:={ey1, ..., €4y}
For n =0 we have C = and therefore a* =A"€R and a takes the form
a=Y Alu, with AteR, Acel,.
Ael,

For =1 we have C ={ey;.,} and therefore a* = A3+ A ey .y, with A7, A7 €R for all
Acl,. Thus a=bo+b ey, where b, =2, A'u, and from (48a) b, =3, puim,
with ' €R, r=0, 1. Since a must have the properties given in theorem 4, we demand
a®=1, which leads to

a’=(bi—b})+(2bob;)er s =1.

From the linear independence of the summands we obtain
bi—bi=1 bob, =0.

From the second of these equations and (46a) we find

boby= Y poprmams= Y piuima=0.
A,Bel; Acl;

Multiplying this equation with 75 for fixed B €I, we obtain
uouf=0 for all Bel,.

Similarly from b;—b?=1 we obtain
(wd)=(uB)y =1 for all Bel,.

If now u? # 0 for some B € ,, then we must have u§ =0 and finally (x #)* = —1, which
is impossible because the w1 are real numbers. Thus b, =0 and we obtain again
a=Y Atu, with AYeR,Acl,.
Acl;
A similar reasoning leads to the above form for n =2.
Since a must be even with respect to all onB Q,, i=1,...,¢, we find a=1, and
hence there exists no onB of R, , with respect to which a is odd. Thus H is maximal.
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Relaxing property (ii) of theorem 4, we can prove that the set H U {e,;,,} generates a
maximal Abelian subalgebra of R,,. This implies that, in a matrix representation of
R,,,, the elements of this subalgebra are simultaneously diagonalisable. In this respect,
and because of the special role played by H in the construction of the representation
that follows, it is an analogue of the Cartan subalgebra in the representation theory
of Lie algebras (Humphreys 1972).

We write w;, i=1,..., ¢, for the gradation involutions of R,, associated to Q,,
i=1,...,{ As can be proved easily on Q, these involutions commute and thus their
compositions

W4= H (wi)A‘ (49)
are also involutions of R,,. Here II means composition of mappings and (0)%:=id,
(w;)''= w;. Combining these with the u and = we obtain

(ua)“e = (—1)"Flu, (50a)

(ma)2=1asp. (50b)

We are now in the position to define the circle operation of R, , on itself as we did in
(24) and (25) for the Majorana algebra. We set for a, beR,,

ach:=Y a“bm,. (51)

A€l

Under this operation R, , becomes a left R, ,-module. Since distributivity is trivial we
must check only

1eb=b
which is a consequence of the definition and (46b) and for q, b, ceR,,

as(boc)= Y a“s(boc)ma= Y a“sb“scmgma= Y, (ab)“scms=(ab)oc.

Ael; A,Bel; Ael;

We look now for invariant submodules of R,,. As is clear an involution induces a

direct sum decomposition. We set for A=(A,,...,A;)el,

Sa={aeR,, a* =(-1)"a}. (52)
Clearly

Rp,q=§‘ S,4. (53)
Lemma 4.

(i) ae S4 and be Sy imply abe S, 5.
(ii) S, is a subalgebra of R, .
(iii) For all Ael;, use S,.

Theorem 6. S, is a universal Clifford algebra isomorphic to R,k .+, With K €,
defined in the proof of theorem 4.

Proof. From lemma 4 we have for ae S,, auy € S,. Thus the linear spaces Sy, Ael,,
are isomorphic and from (53) we obtain

dim S, =2¢"".
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From (44a, b) it is obvious that
QS = {ei: with i= K)£+.],] = 1’ N ] g}u{e2{-ls LR} e2§-—77} (54)
is an oNB of S, of signature ({ —-|K|, n+|K}).

We set

8§ = ekt i=1,...,¢ Jr= e, r=1,...,m (55)
then it is obvious that

wisi = (—1) % s uj. = ju (56)
fori, k=1,...,¢land r=1,...,n.

Theorem 7. Theset{a < S,: a commutes with all u; € H} is a subalgebra of S, isomorphic
to I§,,. We denote this subalgebra with K.

Proof. From lemma 3 we know that the elements of S,, which commute with all u; € H,
are generated by the oNs {j,: r=1,..., n} of signature (0, n). Consequently this set
is isomorphic to Ry, for n=0, 1, 2. As we know from (30) these Clifford algebras
are isomorphic to the fields R, C, H respectively.

Theorem 8. The sets S, A€ l;, are left R, ,~-modules under the circle operation and
right K -linear spaces.

Proof. If E;el,, i=1,...,{, denote the standard basis of /., then we have w;, = wg .
From the definition of the circle operation (51) we find for a, beR,,

(aob)* =< ¥ awabm) = Y avseb amaig =ac(b).
Ael; Ael,
Thus if be S, and hence satisfies b* = (—1)*b, then a° b satisfies the same conditions
and hence is an element of S, for all aeR,,. Therefore S,, A</, are invariant
submodules of R, ,. '
Since I, = S, we have from lemma 4 for be S, and A e K/, also bA € S,. Further-
more the elements of i commute with all u; and hence with all 7. Therefore

a°(bA)=(a°b)A. (57)

In other words, we have proved that the sets S,, A € I, are representation R, ,-modules
over €, (see van der Waerden 1967).

For A=(A,,...,A;)el, we set
¢
sa= [T (s)™ (58)
i=1
and obtain the following identities:
UpSg = (_I)IAB‘SBUA (59a)
SATg = TaiBSA (59b)
Upod = UsaUy forall aeR,, (59¢)
Ta°Sp = 84855 (59d)

Sa°a=S4a forall aeR,,. (59e)
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Lemma 5.
(i) For s€ Sy and a€R we have acs={(as)e1.
(ii) For aeR,,, a<1=0 implies am;=0.
(iii) For a, beR,,, (acb)us=ac(bu,).

Theorem 9. The representation R, ,-modules S4, A€, over K}, are faithful.

Proof. Let acR,, be such that acs=0 for all s€S,. Then from lemma 5 we have
asm,=0. Setting s = s, for all Ac/, and using (59b) we obtain amss,=0forall Ac .
Since 54, A€, are invertible we have am, =0 for all Ael,, and from (46b) a=0.
Hence ker S, = {0}.

For Acl theset {sgus: Be l;} U (K} u,) isalinear basisof S4. The above arguments
and (47) lead again to ker S, = {0} for all Ael,.

Theorem 10. The representation R, ,-modules S,, A€/, over K/, are simple.

Proof. Let T < S, be a linear subspace of S, over K. If T is invariant under the circle
operation and T # {0}, then there exists t € T, t #0, such that for all aeR,,, acteT.
In particular fora=u,e H (a=s5,€ 8), i=1,...,{ u;ot = utu;, (5;°t = s;t) belongs to
T.

We set t,:=t+ u;tu, if the right-hand side does not vanish and t,:= st otherwise.
Thus we obtain ¢, # 0, ¢, € T such that ¢, commutes with u;.

Applying this process { times we obtain an element t, #0, t;€ T such that ¢,
commutes with all elements of H. Since T < S, we obtain from theorem 7 that 1, e K,
and hence it possesses an inverse t;'€ S,. From t;'et,=1 we find that 1€ T and
therefore T=5,.

For A#0, let Ty< S, be invariant in S, under the circle operation. Then from
(iii) of lemmas 4 and 5 we have T,u, is invariant in S;. Thus T,us = S, and therefore
Ti=S4.

We have shown that the sets S,, A€, defined in (52) are simple and faithful
representation R, ,-modules over i,. We call these sets spinor spaces of R, ,. Since
further S, is a subalgebra of R, ., we call this the spinor algebra.

Before closing this section we show how a matrix representation can be obtained
with the above method.

Every element ¢ € S, can be written in terms of the basis {s4: A€ l,} of S, in the form

v=Y sayp” b ek, (60)
Acl,
Setting
sh=s3' (61)
we obtain from (59d) and s.' = %54, S4S5 = £Sa1p,
WA =moo(s%y). (62)

In this way we associate to every element ¥ of S, a column vector (¥*) e (K/)%.
Similarly we associate to every element a of R, ,a2° x 2° matrix over I/ through

acs,= 3, Sgas a-(ah) (63a)
Bel;

where

al=(mysBas,)e1. (63b)
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4. Representation of R, , with o =1

The case o=1 can occur only if n=p+q is an odd number. Then if Q=
{8':i=1,...,n} is an oNB of R, of signature (p, q), ., A=(1,...,1)el, lies in
the centre of R,,. Furthermore o =1 implies that #3=1 and R, has two twosided
ideals: R, ,(1+¥,). Thus R, , is not simple and therefore it cannot possess a faithful
and irreducible representation (van der Waerden 1967). As becomes clear from theorem
2, we have here only the two possibilities n =0 and n =2. We study them separately.

4.1. n=0
From theorem 3 we have

R,q=R; @R o=R;;s1.

We can construct therefore an onB of signature ({, {+1):

Qo={ey ..., €1 €2, €11} (64)
where eZ=1and ej=—1for i=1,...,{+1and j={+2,...,20+1. As in (43) we
define the set

H={u=ee;:i=1,...,¢} (65)

This set has the properties of theorem 4, but it is not maximal with respect to these
properties. The oNB associated to w;, i=1,...,{, are constructed for some K €/, as
in (44a,b). Fori=1,...,¢ if K;=0 we set

Qi={ae;+iri: a€ Qo—{esivitt U {erivi} (66a)
and, if K; =1, we set
Qi={ae:ac Qy—{e}}tu{e}. (66b)

In both cases the oNB Q;, i=1,..., {, have the signature ({+1, {).

As in the last section we define with the aid of the gradation involutions with
respect to Q;, i=1,..., ¢, the circle operation and construct the spinor spaces. For
the spinor algebra S, we have the onB

Qs={exgriti=1,..., ¢ u{e .} (67)
of signature ({ —|K|+1, |K]|). We set

8= ex i for i=1,...,¢( a=e.,. (68)
We again have

sy = (—1)%vus, au; = o

fori,j=1,...,{ Thesubsetof S, whose elements commute with all ; € H is generated
by {a} and hence is isomorphic to *R, o - (1, —1). We denote it by *R’. S., A€ I,
give again representation R, ,-modules over *R’, which are faithful but not simple,
since H is not maximal. S, consists of two simple submodules: Sy(1+ a).

Setting u, = e,.,, with associated oNB Q,and H':= H U {u,} we obtain a set maximal
with respect to the properties of theorem 4. We can repeat the above construction
taking as basis the set H'. This time we obtain an irreducible but not faithful
representation.
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42 n=2

This case can be handled exactly like the preceding one. We give therefore only the
definitions of objects needed to construct the representation.
From (37) we have

Rp.q = R;,g+:®R1,o =R, 43

Let

Qo={er, ..., € €y .., €243} (69)
be an oNB of R, , of signature ({, {+3). We set again

H={u=ee..:i=1,...,(} (70)

The associated onB are defined for some k € [, exactly as in (444, b), where (44a) have
signature ({, {+3) and 44b) have signature ({+4,{—1). Again the set H is not
maximal. The spinor algebra has an oNB of signature ({ —|K|, |K|+3)

Qsi={s;1i=1,..., 8301 j2, @irjio} (71)
where

;= ey i=1,...,4¢

JU= €y J2= ey

Q= €y 4187428243 (72)

The subset of S,, whose elements commute with the elements of H is generated by
{J1, J2, aj.1j-} and is isomorphic to *H. The sets S4, A€ I;, are faithful but not simple
representation R, ,-modules over *H'.

5. Inner products in the spinor algebra and their isometry groups

Q will denote an onB of R, , of signature (p, g). With respect to Q we have the
gradation involution w and we define two anti-involutions p and o as follows: for
acQ, b ceR,,

a’=a (bc)? = c*b* (73a)

and

o

a’=-a (bc)? :=cb”. (73b)

We call p reversion and o conjugation of R,, with respect to Q. Obviously o = pw.
Every invertible element xR, , defines an involution through

a*=x""ax (74)

acR,,. In particular if x’=1, then a* = xax.

In Ry, =C conjugation coincides with complex conjugation z- Z and in Ry, =H
conjugation becomes quaternionic conjugation ¢ » ¢ and reversion will be denoted by
g~ 4. In’K we have also the hyperbolic involution defined by

hb 'K - K (a,b)~>(a, b)" = (b, a). (75)
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Let X be a right linear space over B, where B=K or K and K=R, C or H, with
x:B-B an anti-involution of B. A mapping

XxX->B (x,y)=>(x, ) (76a)
is called a BX-symmetric (B*-antisymmetric) inner product of X if

(x,y+z)=(x,y)+(x,2) (x, yA)=(x, y)A (76b)
and

(x ) =0x) (xy)*=-(x) (76¢)
for x, y, ze X and A €B. From (76b, ¢) we obtain

(x4, ) = A*(x, ). (76d)

In the sequence we write € for the field of complex numbers with conjugation, H for
the field of quaternions with reversion and H the same field with conjugation. hbiK
will denote the double field X with the hyperbolic involution (see Porteous (1969)
for these definitions and notation).

Theorem 11. For some fixed Y €/, the mapping S, x S,—> B defined by
(6, @)= (, @)y = oo (s T p) (77)

where ¢, ¢S, and B="K,, is a non-degenerate B'”*~’-symmetric or
B'”*v’-antisymmetric inner product on S, according to whether s§ =s, or s} = —Sy.
y p Y

Proof. Since sy are homogeneous in 2° we have s§ = e,sy with £y = 1. We set also
SySz =€y zSyiz, €yz==%1. Then we find from (s,455)sc = s4{(sgsc) and (s.s55)° =
€4.8Sasp tWO identities

€A BEA+BC T EAaBicEBCC €B A= EAEBEA BEALB.

In terms of the linear basis {sa: A€ [} of S, we set

¥ = Z SAd/A = Z SAtpA.

Ael, Acl,

Substituting these expressions in (77) and using (59d) we obtain

(h)y= 2 8A£A,A¢Y(¢A)OSV¢’A+Y-

Aecl;

From this expression we obtain all properties of an inner product on S,. In particular
we find

(l/f, ¢)(¢Y=£Y(¢y lj’)Y' (78)

The inner product defined in (77) is non-degenerate if (y, ¢)y =0 for all ¢ e S, implies
¢ =0. To prove that, we set y =54, A/, in (77) and obtain

Taryo@ =0 forall Ael,.
Summing over A€/, and using (46b) we obtain ¢ =0.

Since Y el, we obtain from (77) 2° inner products on S,. Not all of these inner
products are independent (see Porteous 1969).
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Anelement A of R, , will be called an isometry of the inner product (, ) y if it satisfies

(Acd’a AO‘P)Y=(¢, ‘p)Y (79)

for all ¢, ¢ € S,.
Since u; € H are homogeneous elements of 29 we have

u? =(-1)%u, (80)

with3,=0or1fori=1,...,{ These numbers define an element = (X,,...,%;) of
l,. From (80) we obtain

ug=(=1)"*u, TA= Tais. (81)

Theorem 12. A€R,, is an isometry of (,)y if and only if

AvisA=1. (82)
Proof. Expanding the circle products in (79) and using the definition (77) of (,)y we
find after a lengthy calculation

[my?(ATr2A-1)]op =0

for all ¢, ¢ € S. By an argument similar to that used to prove non-degeneracy of (, )y
we obtain from this expression

(ATr=A=1)ep=0

for all ¢ € §,. Since §, is faithful, we obtain immediately (82).

6. Application on some low-dimensional Clifford algebras

For small values of p, g =0 we give now some examples of the new representation of
R

pa

6.1. The Pauli algebra R;

From (37) we find here
R;o=R,,=C(2).

Let Q={co,, 02, 03} be an oNB of R;, of signature (3,0). Then
Qo={e,=0y; e&2=0,03, €3= 0,02}

is an onB of signature (1,2). The set H has here one element u, =e,e,=0; with
associated oNB @, = Q (K =0). The spinor algebra is the even subalgebra of R; . An
onB for it of signature (0, 2) is given by

Qs={e;=0,03, e=0,0}.

Of the eclements of Qg only e; commutes with u;. We set therefore
S;=ey=0,0, ji=ey=0,0;.

S, is isomorphic to C? with linear basis over C

so=1 5§ =0,0;.
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The circle operation of R;, on S is defined in terms of the idempotents
mo=31+u,) m=i1-u,)

to be for aeR;, and é€ 5
acé=a“émyta“ ém =aLé+a_éu,

where w, is the gradation involution with respect to Q,, wo=1id and a., (a.) is the
even (odd) part of a with respect to w,. Setting

) ) e

we obtain with i=1, 2, 3 and A, B=0, 1 from
T o84 = 580'54

the Pauli matrices. A spinor £ € S, has the form
E=15,8+5,8"=a’+B%,0,+ a'ooy+ Bloyo,

where ¢*=a”+B%, a® B*eR, Acl,={0,1}. For ¢ neS, we have two inner
products:

(«f,n)o=7ro°(so§"n)=§_°n°+5'n’
(§,7))1 771°(5 f 77)—50771‘6

of which the first is C-symmetric and the second C-antisymmetric. From u? = —u, we
find that for AeR the mapping é-> A< ¢ is an isometry of (, ), ((,),) if and only if
APA =1 (A“A=1). The isometry groups are U(2) (SL(2; C)).

6.2. The Majorana algebra R; ,
For this algebra we have { =2, n =0, o =0 and therefore
R;;=R,,=R(4).

Let Q={7° v', ¥, ¥’} be an onB of signature (3, 1) with (y%)?= -1, (y')>=(y?)?=
(¥*)*=1. An onB of R,, of signature (2, 2) is given by

Qo={e1=7 e2=7"y% e;=v’y', es= ¥’y
From this we obtain
“1=‘5'1€’3=‘)’1 “2’:9294:7072

with associated oNB Q; = Q and Q,={v°, ¥*y*, ¥°y', ¥°¥’} (K =(0, 0)). An ons for
the spinor algebra Sy, is given by

Qs={si=¥’y, s,=%7%}.

No element of SOO other than the unit 1 commutes with both u,, u,. Therefore Sy, is
isomorphic to R* with linear basis over R

So0=1 S0=""y' s =7"y su=7v'y"



New representation of Clifford algebras 3189

The circle multiplication given in the introduction leads to a real representation of the
y matrices. For ¢, ¢ € Spo with =%, sapt @ =24y, sae™ we have four inner
products:

(4, @)oo= U™ ®+ U+ @1+ g g0y g !
(0, 0) 0= =% % -y +y "
(U, @)1= 0% =% %+ g%~y
(6, €)= 90" = Y% + 410 = 1,

(,)oo is R-symmetric and the remaining inner products are R-antisymmetric. With
respect to Q, ui = —u, and u; = —u, we have £=(1,1) and the mapping ¢ > Aoy is
an isometry of

(oo if A™uA=1
(e if A70A=1
(o if A%vA=A’A=1
Gon if AT0A=AA=1,

The isometry groups are O(4; R) for (, )oo and Sp(4, R) for all others.

6.3. The Dirac algebra R, ;
For this signature we have { =1, n=2 and o =0. Consequently
Rl,} =H(2).

Let Q ={v% ¥', ¥°, ¥’} be an onB of signature (1, 3), where (y°)*=1and (y')’ = (y?)*=
(¥*)?=—1. We set
Qo=1{¥¥, ¥'v, ¥’v', ¥}

and obtain u, = y° with associated oNB Q, = Q. An ONB for the spinor algebra is given
by Qs={7’y% ¥’y', ¥*¥*}. The subalgebra of S,, whose elements commute with u,,
is linearly generated by {1, j,=y’y", ,=’y', js=y'y’} and is isomorphic to H. S,
is therefore isomorphic to H* and has {s, =1, s, = ¥} as linear basis over H'. Using
the circle operation and setting

1 0 .. ., .
So—’l:o] 51"[1} h=>h J22 b J3=2> 13

we obtain a quaternionic 2 x 2 matrix representation of the Dirac algebra:

s, 1 o0 o -1, , [o 17, , o -1
4 *[0 —1} 4 *[—1 0}'2 4 *[1 0]" 7 e[1 0]'
For ¢ =so¢°+ 5,¢", ¢ = 509"+ 5,¢' € S, we have two inner products:
(U, 0)o= 9 0"~ H-symmetric
(b, )1 =4 —i'e° H-antisymmetric

which are equivalent (see Porteous 1969). Their isometries are determined by APA=1
and A°A =1, both giving Sp(1, 1; H) as an isometry group.
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6.4. The de Sitter-Clifford algebra R, ,
Here we have { =1, n=2 and o =1. Hence
R, =Ry ;®R, o="H(2).
Let Q ={e,; e,, €3, €4, €5} be an oNB of R, 4 of signature (1,4). We set
Qo={eze1; e;, ez3, 164, €65}
and obtain u, = e, with associated oNB Q, = Q. An onB for the spinor algebra §; is
given by
Qs ={ezey, ese;, er¢4, e85}

where the last three elements of it commute with u,. We set therefore, in accordance
to §4.2,

50=1 1= ¢é6 S = exe;

Ja=eey Ji=ese, O = €,€3€4€5.

The set {j,, j.; a} generates the double field *H’. With the aid of the circle operation
and setting

1-(1,1) a-(1,-1)

we obtain the matrix representation:

1 0 01 0 1], .
el"lio _1:](1,1) ez"[_l 0](1,1) es"l:l 0:](11,11)

0 1},. . 0 1 .
6’4‘)[1 O](lz,lz) es‘)I:l 0:](_13,’3)-

We have two inner products. For ¢, ¢ € S, we obtain from (77)
(¥, @)o=9°°—¢'e! *H-symmetric
(Y, @)y = (§°) 20" — (§")"*p° hbH-antisymmetric.

(', )o is reducible (cf Porteous 1969). Since u{ = —u, we find that ¢ > A is an iso-
metry of (,)o ((,);) if A°’A=1 (AA=1). The isometry groups are respectively
Sp(1, 1; H)®Sp(1, 1; H) and GL(2; H).

The representation constructed above is faithful but not irreducible. We obtain
from it an irreducible but not faithful representation if we multiply the matrices given
above with (1,0) or (0, 1).

6.5. The anti-de Sitter-Clifford algebras R, ; and R; ,
(i) R,;3. For this algebra we find (=2, n=1, 0 =0 and
R,.=C(4).
Take Q ={e,, e; e, €4, €5} to be an oNB of R, ; of signature (2, 3) and set
Qo={ese,, eqes; €4, e4e5, e4e5}.

We then have u; =¢; and u,=e,e;. The associated onB are Q, = Q and Q,={e,e,,
exes; es, ese;, esest (K =(0,0)). The spinor algebra has the oNB

Qs ={esey, esez; e4es}
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of signature (2, 1). Element e, e; of Qs commutes with both u, we set therefore s, = eqe,,
s,=e4e, and j = e4es. This leads to the definition

Soo=1 S10= €4€> So1 = €4€ 5§11 = €€

which gives a linear basis of S, over C' generated by {j}. We have four inner products:

(W, @)oo= "0 ® =0 = ¢ % + g " €C-symmetric

(w’ (P)10= w00¢10_¢10¢00+ '«lIOI(P ll’n [ C-antisymmetric
(IJI, ¢)01 = 00 01 '-l’lo 11 ¢01¢00_+_ djll(P C'antisymmetric
(W, @) =8P = %" + ¢ ' 0~ g e® €-antisymmetric.

Since £ =(1, 1) we obtain for the isometries ¥ > Ay A*“A =1 for (, g0, A7A=1

for (, )i, A’A=1for (, )01, A°’A=1for (,),,. The isometry groups are U(2,2) for

(,)oo and (, )y;, and Sp(4; C) for (, ), and (, )o;. Finally we note that R,; =R, ;.
(ii) R;,. For this algebra we have { =2, =0, o =1 and

="R(2).
Let Q={e,, es, e3; €4, €5} be an onB of R, , of signature (3,2). We set
Qo={eser, eses, eqe3; ey, 405}

and find u, = e,, u, = e,es. The associated onB are Q, = Q and Q,={e,es, eses, e;e5;
es, esest (K =(0,0)). The spinor algebra has the onB

Qs ={eqe,, eqe,, e,e3}

of signature (3,0). We set further s, = e,e,, s.=e,e, and a = e4e;. This leads to
Soo=1 Si0= €4€, So1 = €46 s =e€.e

which is a linear basis of S, over R’ generated by {a}. We have four inner products:
(8 @)oo= (™) "0% = (4'°) 01 = (y*) e+ (¢ ") e !
(6 00=0"e "=y ™ +y% " -y "
(6 @lor = ¢ %" =% =y %+ g0
(W @)= %)@ = (4'0)"0% + (Y1) (') "™

which are hbR-symmetric, ‘R-antisymmetric, *R-antisymmetric and hbR-antisymmetric,
respectively. (, )0 and (, )o, are equivalent and reducible inner products, and their
isometry group is Sp(4; R)®Sp(4; R). Similarly (,)o and (,),, are equivalent with
isometry group GL(4; R) (see Porteous 1969).

6.6. The conformal Clifford algebra R,
We have { =2, n =2, 0 =0 and
R,,=H(4).
Let Q={ey, e;; €5, e,, €5, €5} be an ONB of signature (2, 4). We set

Qo={esey, esez; €4, €463, €465, €4e6}.
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From this onB we find u, =e, and u, = e,e, with associated onB Q;=Q and Q.=
{e ey, ese5; €5, e,e5, €s€3, egey}. For the spinor algebra we have

QS = {ele4y e264; e4e5, 6486}-

The elements of Qs which commute with the u are e,es and e,ec. We set s, =e,e,,
s;=e,e, and j, = e,8s, j, = e,e and

Sp0=1 S10= 5y So1= 52 S11 = €8 J3 = €s€¢.

{ss:Acl} is a linear basis of § over H', which is generated by {j,, j.}. We have four
inner products:

(w’ ¢)00= JOO(POO_JI-IO(PW—JOI¢OI+l,[7”¢” [ﬁ]-symmetric

(&, )ro= !1700<P10" l/;10¢00+ .ZO‘¢'1 - tl;“qcm ﬂ:{]-antisymmetric
(¥, @) = JOOQDOI - ¢710¢“ - t1701¢00+ d;”golo U:ﬂ-antisymmetric
(W, @) =0"e" =" + 4% = '™ H-antisymmetric.

The first three inner products are equivalent and have Sp(2,2; H) as isometry group.
(, )11 has the isometry group O(4; H) with A°A=1.

In all examples discussed above the inner products (,), or (,),; have been
constructed to correspond to the conjugation anti-involution. The results found are
in agreement with those of Porteous (1969).

7. Conclusions

We introduced a new representation of Clifford algebras in a constructive way. Given
a Clifford algebra R, , one needs only find an onB Q, of signature ({, { +7) for ¢ =0,
(Z+1,¢) for o=1, n=0 or ({,{+3) for o =1 and n =2 to begin the construction.
Lemma 1 gives a constructive way to obtain an oNB of R, , of any signature (r, s), for
which R,,=R,, holds. After the determination of Q, the method of §3 gives a
canonical way to construct the circle operation and the spinor algebra. This does not
mean that the representation obtained thus depends only on Q,. As becomes obvious
from (51) and (52) the representation depends primarily on H and the family of
gradation involutions w,, i=1,...,{ introduced in (49) and associated to the oNB
constructed in theorem 4. It is not easy to control how the representation operation
o and the spinor algebra S, changes under changes of H and ;. However, from
theorem 3 we know that all representations obtained by such changes are equivalentt,
being equivalent to “I,(2°). An answer to the above question can be given perhaps
by working in a higher level of abstraction, freeing the method from its constructive
character. Although a characterisation of the subalgebra of R,, generated by H
independent of Q, is almost obvious from the properties in (i) of theorem 4 it is not
yet clear to the author how to characterise the subset H of it and the associated family
of gradation involutions independent of Q.

+ This is not in contradiction to the well known fact that not simple Clifford algebras (¢ =1) have two
inequivalent representations. The use made here of the double fields %K allows us to handle both representa-
tions in a unified way as a single object.
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In physics Clifford algebras arise mainly as structures associated to a given linear
space with an inner product (e.g. the tangent space of a manifold carrying a metric).
The question arises then of how the representation obtained here changes under
diffeomorphisms and local isometries. We will treat this question and related problems
in a separate paper.

Acknowledgment

The author should like to thank one of the referees for helpful suggestions.

References

Atiyah M F, Bott R and Shapiro A 1964 Topology 3 Suppl. 13

Borel A and Hirzebruch F 1958 Am. J. Math. 80 458

—— 1959 Am. J. Math. 81 315

— 1960 Am. J. Math. 82 491

Chevalley C 1954 The Algebraic Theory of Spinors (New York: Columbia University Press)

Dimakis A 1983 PhD dissertation University of Gottingen

—— 1985 Clifford Algebras and Their Applications in Mathematical Physics (NATO ASI Ser. C 183) ed

J S R Chisholm and A K Common (Dordrecht: D Reidel) p 49

Geroch R 1968 J. Math. Phys. 9 1793

Graf W 1978 Ann. Inst. H Poincaré A 29 85

Greub W 1978 Multilinear Algebra (Berlin: Springer)

Hagmark P E and Lounesto P 1985 Clifford Algebras and Their Applications in Mathematical Physics (NATO
ASI Ser. C 183) ed J S R Chisholm and A K Common (Dordrecht: D Reidel) p 531

Hestenes D 1966 Spacetime Algebra (New York: Gordon and Breach)

—— 1967 J. Math. Phys. 8 798

—— 1973 J. Math. Phys. 14 893

—— 1985 Clifford Algebras and Their Applications in Mathematical Physics (NATO ASI Ser. C 183) ed
J S R Chisholm and A K Common (Dordrecht: D Reidel) p 321

Humphreys J E 1972 Introduction to Lie Algebras and Representation Theory (Berlin: Springer)

Kihler E 1960 Abh. Dt. Akad. Wiss. Berlin, KI. Math.-Phys, No 4

——— 1961 Abh. Dt. Akad. Wiss. Berlin, KL Math.-Phys. No 1

—— 1962 Rend. Math. 21 425-523

Marcus M 1975 Finite Dimensional Multilinear Algebra II (New York: Marcel Dekker)

Porteous I R 1969 Topological Geometry (New York: van Nostrand Reinhold)

Rasevskii P K 1957 Am. Math. Soc. Transl. 6

Riesz M 1958 Clifford Numbers and Spinors (Lecture Ser. 38) (College Park, MD: The Institute for Fluid
Dynamics and Applied Mathematics, University of Maryland)

van der Waerden B L 1967 Algebra Il (Berlin: Springer)



